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THE IMAGE OF THE LEPOWSKY HOMOMORPHISM FOR 
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Abstract. Let G be a semisimple Lie group, let K be a maximal 
compact subgroup of G and let I C g denote the complexification of 
their Lie algebras. Let G be the adjoint group of g and let K be the 
connected Lie subgroup of G with Lie algebra ad(t). If (/(g) is the uni- 
versal enveloping algebra of g then U(g) K will denote the centralizer of 
K in (/(g). Also let P : (/(g) — ► U(t) ® U(a) be the projection map 
corresponding to the direct sum (7(g) = (U(t) ® U(a)) © (Z(g)n associ- 
pH ' ated to an Iwasawa decomposition of G adapted to K . In this paper 

Cr . we give a characterization of the image of U(g) K under the injective 

antihomorphism P : (/(g) K — > U(t) M <8> U(a), considered by Lepowsky 
l~i | in [10], when G is locally isomorphic to F4. 

a 



1. Introduction 

Let G be a connected, noncompact, real semisimple Lie group with finite 
center, and let K denote a maximal compact subgroup of G . We denote 
with g and t the Lie algebras of G and K , and ! Cg will denote the 
respective complexified Lie algebras. Let G be the adjoint group of g and let 
K be the connected Lie subgroup of G with Lie algebra ad(£). Let U(q) be 
the universal enveloping algebra of g and let U(g) denote the centralizer 
of K in U(q). 

In order to contribute to the understanding of U(g) K Kostant suggested 
to consider the projection map P : U(q) — > U{t) <g> U(a), corresponding 
to the direct sum U(q) = (U(t) <g> £/(a)) © U(g)n associated to an Iwasawa 
decomposition g = t © a © n adapted to £. In [10] Lepowsky studied the 
restriction of P to U(g) K and proved, among other things, that one has the 
following exact sequence 

0^U(q) k -^U(t) M ®U(a), 

where U(t) denotes the centralizer of M in U(t), M being the centralizer 
of a in K. Moreover if U(i) M (g> U(a) is given the tensor product algebra 
structure then P becomes an antihomomorphism of algebras. Hence to go 
any further in this direction it is necessary to determine the image of P. 

To determine the actual image P(U(g) K ) Tirao introduced in [12] a sub- 
algebra B of U(£) M (g> U(a) defined by a set of linear equations in U(£) 
derived from certain embeddings between Verma modules (see ([I]) below). 
Then he proved that P(U(q) ) always lies in B, and furthermore that 
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P(U(g) K ) = B w " when G = SO(n,l) or SU(n,l). Here W is the Weyl 
group of the pair (g, a), p is half the sum of the positive roots of g and B Wp 
is the subalgebra of all elements in B that are invariant under the tensor 
product action of W on U(£) M and the translated action of W on U(a) (see 
Corollary 3.3 of [9J). 

In [3] we proved that P(U(g) K ) = B when Go = Sp(n, 1), and more 
recently, we showed that B Wp = B when Go = SO(n,l) or SU(n,l) (see [3]). 
Hence these results established that P(U(g) ) = B for every classical real 
rank one semisimple Lie group with finite center. This paper is devoted to 
proving that this result also holds for the exceptional Lie group F4. The 
main result of the present work is the following, 

Theorem 1.1. If G is locally isomorphic to F4, then P(U(g) K ) = B. 

This result confirms our old belief that the following theorem holds, 

Theorem 1.2. Let G be a real rank one semisimple Lie group. Then the 
image of the Lepowsky homomorphism P is the algebra B. 

We point out that our proof of Theorem 11.21 follows a general pattern in all 
cases, however at certain points in the argument there are some substantial 
differences. Certainly the cases of Sp(n,l) and F4 are the most difficult of 
the rank one groups. 

The proof of Theorem 11.11 follows the same ideas used to prove the ana- 
logue theorem for the symplectic group Sp(n, 1), however we had to overcome 
some difficulties to establish the transversality results needed (Section [6|), 
and the a priori estimates of the Kostant degrees (Section [7]). In Section 
[6] we give a new and simplified version of the corresponding transversality 
results obtained in the symplectic case (see Section 4 of [3J). This new 
version is sufficient because of the introduction of a simplifying hypothesis 
called the degree property, which is done in Section [7J In this section we use 
this property to obtain an a priori estimate of the Kostant degree of cer- 
tain elements b 6 B. This allows us to reduce the proof of Theorem 11.11 to 
proving Theorem l7.12l (see Proposition 17. 14] ) . The proof of this last theorem 
is given in Section [8l following the ideas developed in the symplectic case. 
In fact, most of the results proved in Section 6 of [3] hold in this case with 
appropriate changes. 

2. The algebra B and the image of U{g) K 

In this section we assume that G be a connected, noncompact, real 
semisimple Lie group with finite center and of split rank one, not locally 
isomorphic to SL(2, M). Let t be a Cartan subalgebra of the Lie algebra m 
of M . Set f) = t © a and let J) = t © a be the corresponding complex- 
ification. Then f) and f) are Cartan subalgebras of g and g, respectively. 
Choose a Borel subalgebra t © m + of the complexification m of m and take 
b = f) © m + © n as a Borel subalgebra of g. Let A and A + be, respectively, 
the corresponding sets of roots and positive roots of g with respect to J). If 
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a G A let X a denote a nonzero root vector associated to a. Also, let 6 be 
be the Cartan involution, and let g = t p be the Cartan decomposition of 
q corresponding to (G ,K ). 

If ( , ) denotes the Killing form of g, for each a G A let H a G f) be the 
unique element such that 4>{H a ) = 2(4>,a)/(a,a) for all <p G f)*, and let 
f)K be the real span of {H a : a G A}. Also set H a = Y a + Z a where 
Y a £ t and Z a G o, and let P + = {a G A + : Z a / 0}. If a G P + is 
a simple root and A = a\ a we let g(A) denote the real reductive rank one 
subalgebra of q associated to A. We point out that Y a ^ if and only if 
[g(A),g(A)] 9^ sl(2,M). Hence, by our assumptions on G , for any simple 
root a G P+ we have Y a ^ 0. 

If a G -P+ we have a = CZ a and we can view the elements in U(t) <X> U(a) 
as polynomials in Z a with coefficients in U(t). For any such a root a we set 
E a = X_ a + 0X_ a . Now we introduce the subalgebra B of U{l) M (g) U(a) 
defined by Tirao in |12j . 

Definition 2.1. Let 5 be the algebra of all b G U(t) M ® [/(a) that satisfy 

(1) E n a b{n -Y a -l) = b(-n ~Y a - 1)E%, 

for all simple roots a G P+ and all n G N. Here the congruence is module 
the left ideal U{t)m + of U{$). This definition is motivated by equations ([2]) 
(see Corollary E2|). 



In Theorem 5 of [12] Tirao proved that B is a subalgebra of (7(t) M ® U(a), 
and in Corollary 6 of the same paper he proved that P(U(g) ) C B. For 
further reference we state this Corollary. 

Corollary 2.2. Let a G P+ &e a simple root. Then for all n G N and 
u G ^(0)^ we Ziawe 

(2) KP(u)(n - Y a - 1) = P(u)(-n - Y a - 1)££, 

where the congruence is module U(t)m + . 

In order to prove Theorem II .11 we will now introduce some notation and 
recall known results. Let T denote the set of all equivalence classes of ir- 
reducible holomorphic finite dimensional K- modules Vy such that V^ 7^ 0. 
Any 7 G r can be realized as a submodule of all harmonic polynomial func- 
tions on p, homogeneous of degree d, for a uniquely determined d = ^(7) 
(see |8j). We shall refer to the 11011 negative integer d(^) as the Kostant de- 
gree of 7. If V is any .ff-module and 7 G K then V™ will denote the isotypic 
component of V corresponding to 7. Let V be a locally finite X-module 
such that V 7^ and let v G V , w/0. Since V is locally finite, we can 
decompose v into i^-isotypic M-invariants as follows 

7er 
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where v 7 € V^ denotes the 7-isotypic component of v. Then we define the 
Kostant degree of v by, 

(3) d(v) = max{d(7) : v 7 / 0}. 

Since we are mainly concerned with representations 7 6 T that occur as 
subrepresentations of U(t) we set, 

(4) Ti = {7 € T : 7 is a subrepresentation of U(t)}. 

If ^ b G U(t) ® U(a) we can write b = b m ® Z m + • • • + 60 hi a unique 
way with bj G U(t) for j = 0, . . . , m, b m 7^ and Z = Z a for any a G P+ 
simple. We shall refer to b m (resp. b = b m ® Z m ) as the leading coefficient 
(resp. leading term) of b and to m as the degree of 6. Also, let be the 
leading coefficient and the leading term of b = 0. 

Let M' Q be the normalizer of A in K and let W = M' /M be the Weyl 
group of (G , K ). Then (U(i) M ® f/(a)) denotes the ring of VF-invariants 
in U(t) M <g> C/(o), under the tensor product action of the natural actions of 
W on U(t) and U(a), respectively. 

At this point it is convenient to state the following result. Its proof is 
given in Proposition 2.6 of [3j, using the techniques and the notation of 
Section 3 of p]. 

Proposition 2.3. Ifb = b m ®Z m e (U{t) M ® ^(o))^ and d(6 m ) < m, 
then there exits u € U(q) such that b is the leading term of b = P(u). 

Last proposition suggests using an inductive argument to prove Theorem 
11.11 To do this it is sufficient to establish the following theorem. In fact, in 
Proposition 12.51 below we prove that Theorem 12.41 implies Theorem ll.il 

Theorem 2.4. If b = b m ® Z m -\ \- b £8 and b m / 0, then d(b m ) < m 

and its leading term b m ®Z m G (U(t) M ® U(a)) W . 

Remark: In F4 the non trivial element of W can be represented by an 
element in M' a which acts on g as the Cartan involution. Hence, to prove 
that the leading term b m <g> Z m is IF-invariant it is enough to show that m 
is even. 



Proposition 2.5. Theorem \2.4\ implies Theorem ] 1.1\ 

Proof. Assume that Theorem 12.41 holds. From Corollary 12.21 we know that 
P (U(q) ) C B. Then let us prove by induction on the degree m of b G B, 
that B C P(U(g) K ). If m = we have b = b G U(t) M and Theorem 
2.41 implies that d(bo) = 0. If 7 G T and ^(7) = then 7 can be realized 
by constant polynomial functions on p and these fuctions are K-invariant. 
Thus b G U{t) K and therefore b = b = P(b ) G P(U(q) k ). 

If b G P and m > 0, from Theorem 12.41 and Proposition 12.31 we know 

that there exists v G U(q) such that P(v) = b. Then b — P(v) lies in B 
and the degree of b — P(v) is strictly less than m. Hence, by the induction 
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hypothesis, there exists u G U(q) k such that P(u) = b — P(v) and b = 
P(u + v ) G P(U(q) ). This completes the induction argument and we 
obtain that 1? C P(U(g) K ), as we wanted to prove. □ 

In view of this last result the main objective of this paper is to prove 
Theorem 12,41 when Go is locally isomorphic to F4. 

3. The equations defining B 

From now on we shall write u = v instead of u = v mod (C/(£)m + ), for 
any u, v G U(t). Next result was proved in Lemma 29 of [12] for G of 
arbitrary rank. 

Lemma 3.1. Let a G P+ be a simple root. Set H a = Y a + Z a where Y a G t, 
Z a G a and let c = a(Y a ). If A = a\ a and m(X) is the multiplicity of X, then 
c = 1 when 2A is not a restricted root and m(A) is even, or when m(A) is 
odd, and c = § when 2A is a restricted root and m(\) is even. 

In particular, if G is locally isomorphic to F4 we have c = |. To simplify 
the notation set E = E a , Y = Y a and Z = Z a for any simple root a G -P+. 
Notice that [E, Y] = cE, where c is as in Lemma 13.11 Also, since E a = 
X_ a + 6X- a and a is a simple root in P + it follows that E is m + - dominant. 

We shall identify U{£) <8> U{a) with the polynomial ring in one variable 
C/(t)[x], replacing Z by the indeterminate x. To study equation ([1]) we 
change b(x) G C/(C)[x] by c(x) G £/"(£) [a;] defined by 

(5) c(x) = b(x + H -1), 

where H is an appropriate vector in t to be chosen later, depending on 
the simple root a G P+ and such that [H, E] = ^E (see (fTTJ) ), Now, if 
Y = Y + H we have [E,Y] = E. Then b(x) G U(t)[x] satisfies © if and 
only if c(x) G U(t)[x] satisfies 

(6) E n c(n -Y) = c(-n - Y)E n 

for all n G N. Note that ([6]) is an equation in the noncommutative ring U(t). 

Now, if p is a polynomial in one indeterminate x with coefficients in a 
ring let p^ n > denote the n-th discrete derivative of p. That is, p( n '(x) = 
J2]=o(~ -*-)"' (j)p( x + § — i)- I n particular, if p = p m x m + • • • + po we have 

Mr \ I °> if n > m 

I rnlpm, it n = m. 

Also, if X G t we shall denote with X the derivation of U(t) induced 
by ad(X). Moreover if D is a derivation of U(t) we shall denote with the 
same symbol the unique derivation of £/(£)[x] which extends D and such 
that Dx = 0. Thus for b G J7(t)[a;] and b = b m x m + • • • + bo, we have 
Db = (Db m )x m + • • • + (Dbo). Observe that these derivations commute with 
the operation of taking the discrete derivative in C/(6)[a;]. 
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Next theorem gives a triangularized version of the system ([6]), and in turn, 
of the system ([I]) that defines the algebra B. A proof of it is given in [T], 
where the system (|6|) is studied in a more abstract setting and in particular 
the LU-decomposition of its coefficient matrix is given. 

Theorem 3.2. Let c G U(£)[x\. Then the following systems of equations 

are equivalent: 

(i) E n c(n -Y) = c(-n - Y)E n , (n G N ); 

(ii) E n+1 (c^)(% + 1 - Y) + £™( C ( n+1 ))(§ - | - Y)E = 0, (n G N ). 

Moreover, if c G £7(t)[x] is a solution of one of the above systems, then for 
all £, n G No we have 

(Hi) (-l) n E e (c^) (-%+£- Y)E n - {-lfE n {c^) (-§ + n - Y)E l = 0. 

Observe that if c G U(Z)[x] is of degree m and c = c m x m + ■ ■ ■ + cq, 
then all the equations of the system (ii) corresponding to n > m are trivial, 
because c^ n ' = 0. Moreover the equation corresponding to n = m reduces 
to E m+1 (c m ) = 0, and more generally the equation associated to n = j only 
involves the coefficients c m , . . . , Cj . In this sense the system (ii) is a triangular 
system of m + 1 linear equations in the m + 1 unknowns c m , . . . ,cq. 

If0^6(x) G 17(e) [x] andc(x) G U(t)[x\ is defined by c(x) =b(x + H-l), 
where H is as in (11Tf) . we find it convenient to write, in a unique way, 
b = Y2T=objX :1 with bj G U(t), b m ^ 0, and c = YllLo^^J where Cj G U(t) 
and {(/? n } n >o is the basis of C[x] defined by, 

(i) fo = 1, 

(ii) 92W = ^n-i if n > 1, 

(iii) ip n (0) =0 if n > 1. 

Moreover it is easy to prove that such a family is given by 

(7) ^ n (aO = ^(x+f-l)(x + § -2) •••(*-§ + 1), n>l. 

Next lemma contains the results of Lemma 3.3 and Lemma 3.5 of [3]. Its 
proof is the same as that of the corresponding lemmas in [3]. 

Lemma 3.3. Let b = Y^T=o b i xJ G U (?)i x ] and set c ( x ) = b{x + H -I). 
Then, if c = Y^JLqCjPj w ^ c j e ^(^) u ' e ^ ave 

m 
Cj = >^ ftjtjj < i < m, 

j=i 

where 



*«=E(-i)*Q( ir +i-i-*) j '- 
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Thus tij is a polynomial in H of degree j — i. Moreover, 



E J - l {U 3 ) = -n fi& 



J-i 



-i 



From these results and Theorem 13.21 we obtain the following theorem and 
its corollary in the same way as in [3J. 

Theorem 3.4. If b = b m ® Z m + • • • + b G B, then E m+1 ( Cj ) = for all 
< j < m. 

Corollary 3.5. // b = b m ® Z m + • • • + b G B, then E 2m+1 -i{bj) = for 
all < j < m. 

Next we rewrite equation (iii) of Theorem 13,21 for later reference. Given 
b = YllLo bjX' 1 € B and c(x) = b(x+H—l) as above, it follows from Theorem 
13.41 that equation (iii) of Theorem 13.21 is satisfied if £ > m or n > m, and it 
is trivial when £ = n. Also note that the equation corresponding to (n,£) is 
equivalent to that one corresponding to (£,n). 

Theorem 3.6. Let b = YJj=o h j xJ G U(t)[x] and c(x) = b(x + H - 1). If 

c = J2T=o CjPj w tth Cj G U(t) and < £, n we set 

e(£,n) = (-l) n Y, E l {c^ l . n {-l+£-Y)E n 

n<i<m 

-(-1/ Y, E n (c t )^. e (-l + n-Y)E e . 

£<i<m 

Then, if b G B we have e(£, n) = mod (U(t)ra + ) for all < £, n. 

Proof. The assertion follows from equation (iii) of Theorem 13.21 and the 
fact that c( k > = Y^Lk c i^i-k f° r all < A; < m. 

4. The group F 4 

Let G be locally isomorphic to F4. The Dynkin-Satake diagram of q, the 
complexification of the Lie algebra of G , is 

• «^=>« o 

0:4 C*3 OL2 dl 

We can choose an orthonormal basis {ei}f =1 of fjj^ such that 04 = 62 — e 3 , 
a 3 = £3 — £4) ct2 = £4, ol\ = \(e\ — €2 — €3 — £4). Moreover, if a denotes the 
conjugation of g with respect to g , then ef = ei and ef = — e, if 2 < i < 4. 
Also, we have e\ = —e± and e\ = ei for 2 < i < A. From the diagram it 
follows that 

A + ( , t)) ={e; : 1 < i < 4} U {e, ± €j : 1 < i < j < 4} 

U{i(ei±e 2 ±e 3 ±e4)}, 
P+ ={ei,ei ±e 2 ,ei ±e 3 ,ei ± e 4 } U {|(ei ± e 2 ± e 3 ±e 4 )}, 
P- ={£2, £3, Q, £2 ± e 3 , e 2 ± e 4 , e 3 ± e 4 }, 
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where the signs may be chosen independently. Here P- denotes the set of 
roots in A + (g,h) that vanish on o. Hence P- = A + (m, t) and from this it 
follows that m ~ so (7, C). 

We have t = ker(ei) and e\ is the only root in P + that vanishes on t. 
If we set n = ei, then H^ = Z^ G o. Choose the root vector X^ so that 
(Xfj,, 9X^) = 2 and define X_^ = 9X^. Then the ordered set {H^, X^,X-^} 
is an s-triple. This choice characterizes X^ up to a sign. On the other hand, 
it can be established that for any choice of nonzero root vectors X ai and 
X_ ai we have [X^^X^] = tX ai and [X^,X^ ai ] = —t9X_ ai with t 2 = 1. 
Then normalize X^ so that, 

(8) [X^,9X ai ] = — X ai and [X^,X^ ai ] = 9X- ai . 

Now consider the Cayley transform \ °f defined by 

X = Ad(^\(9X, l -X p )). 

It is easy to see that 

Ad(expt(9X^ - X^))H^ = cos(2t)H IM + sin(2£)(A^ + 9X„). 

Then xC^m) = X^ + 9X fl and, since fj,\ { = 0, x fixes all elements of t. 
Therefore t)t = x(t © a) = t © C(X^ + 9X^) C t is a Cartan subalgebra of 
both g and t. 

For any 4> S \)* define <p G f)| by = • x -1 - Then A(g, f) t ) = {5 : 
a G A(g,rj)} and gg = x(fla)- A root 5 € A(g,rj{) is said to be compact 
(respectively noncompact) if 0s C t (respectively g^ C p). Let A(t, t)t) and 
A(p, f){) denote, respectively, the sets of compact and noncompact roots. 

Using Lemma 3.1 of [3] it follows that S3 and al are compacts roots, and 
that «2 is a noncompact root. Also, since X^ was chosen so that ([8]) holds, 
we obtain that a{ is a noncompact root. From this it follows that 

A(t,| f )={±(£ i ±e i ):l<i<i<4} 

U {|(±ei db eJ2 ± €3 ± £4) : even number of minus signs}, 
A(p, f, e ) ={±S : 1 < i < 4} 

U {|(±?i ±?2±?3± 64) : odd number of minus signs}. 

Next we construct a particular Borel subalgebra b\ = f){ 0t + of t that will 
be useful later on to describe the set T, as well as some of the properties of 
the elements of V (see Proposition ^, ip . For more details on the construction 
of the subalgebra 6j and its relation with T we refer the reader to [5] . 

Since a\ = |(ei — e2 — £3 — 64) is the only simple root in P + set, as in the 
previous section, E = X_ ai + 9X_ ai . Let H + G % be such that a(-ff+) > 
for all a G A + (m, i). We say that H + is ^-regular if in addition a(H + ) ^ 
for all a with 5 G A(t, fyj). Since /Li is the only root in A + (g, rj) that vanishes 
on t and since Jl is a noncompact root, it follows that ^-regular vectors exist. 
Given a fi-regular vector H + consider the positive system 

A + (f,f, t ) = {5eA(y ( ):Q(F + )>0}. 
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If Ao = ai | a is the simple restricted root and H + is a t-regular vector we 
consider the following set, 

P + (A )~ = {a € P + : a\ a = A and a(H + ) < 0}. 

Definition 4.1. A positive system A + (J, rjj) defined by a t-regular vector 
H + (see ([3])) is said to be compatible with E if a — a\ is a root for every 
a € P + (Ao)~ such that a 7^ a\. 

The J-regular vectors in tig, for q ~ [4, are all of the form H + = 
(0,^2,^3,^4) with £2 > £3 > ti > and £2 / £3 + £4- Different vectors 
H + define two different positive systems, they depend only on whether 
±(£2 — £3 — £4) > 0, and they are both compatible with E. From now 
on fix a t-regular vector H + = (0, £2, £3, £4) with £2 > £3 > £4 > and 
£2 > £3 + £4- The corresponding positive system in A({?, f){) is, 

A+(t, fo) ={?i ± €j : 2 < i < j < 4} U {?i ±?i : 2 < t < 4} 

U {|(±ei + €2 ± €3 ±64) : even number of minus signs}, 

and 6{ = f)| © t + is the associated Borel subalgebra. A simple system in 
A + (t, rjt) is given by, 

(9) II(t, f> t ) = {? 4 + ?i, ? 3 - ? 4 , ? 4 - ?i, |(ei + e 2 - ? 3 - ? 4 )}. 

Hence«~so(9,C). 

Fix nonzero root vectors -Xgi+ei (2 < i < 4), X ei ± e . (2 < i < j < 4) and 
define, 



(10) 


Xet+ei 


= x(X ei+ei ), X 7i _ 7l = x {9X ei+ei ), X z .± z . = x(X ei ± ej 


Then it follows from Proposition 2.4 of [5j that, 


(11) 




X ei ±€j — -X-ei±ej j 

Xu+ei = 2(^+^1 + [Xn,0X ei+ei ] + 9X ei+ei ) 


and 




X U-e\ = 2"(^+ e i ~~ [ x ^9X ei+ei \ +9X ei+ei ). 


Hence, 






(12) 




x ti+ti - x Zi-ei = [ X n, 9X €i+ei ] = X t% € m , 



Then from UJJ) and (JT2J) it follows that, 

(13) m+ = ({X ? . ±? . : 2 < i < j < 4} U {X ? . +?1 - X ? ._ ?1 : 2 < i < 4}}, 

where (S) denotes the linear space spanned by the set S. 

Next we define, as in the case of Sp(n,l) (see Section 3 of [3j), a Lie 
subalgebra g of q that it is both a and 9 stable and its real form g = q Hq 
is isomorphic to sp(2, 1). Recall that a\ = |(ei — 62 — £3 — £4) is the only 
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simple root in P + . Let g be the complex Lie subalgebra of g generated by 
the following nonzero root vectors, 

Then g is a simple Lie algebra stable under a and 6. Therefore g is the 
complexification of the real subalgebra g = g n g and g = t © p is a Cartan 
decomposition of g, where t = iHg and p = p D g. Moreover rj = (t n g) © a 
is a Cartan subalgebra of g and m = m n t is the centralizer of in t. That 
g ~ sp(2, 1) follows from the Dynkin-Satake diagram of g , 



-o<= 



e 2 «1 



Since the root vectors Xn and 9X^ are in g, it follows that g is stable 
under the Cayley transform x of the pair (g, f)). Hence the restriction of \ 
to g is the Cayley transform associated to (g, f)). Then f)| = x(h) = f)j n t is 
a Cartan subalgebra of t and g. The positive system A + (t, fo) determines 
a positive system A + (t,fy^) = [a\ € A(l, ^) : 5 G A + (£,f} { )} in A(l, f^). 
Moreover, 

Il(!, |)|) = {5 = ^ - e\, 71 = |(el + e 2 - 63 - el), 72 = £3 + 64} 

is a simple system in A + (t, far) and the corresponding Dynkin diagram is 

o o < o 

<5 71 72 

Then A+(£,^) = {<5, 71, 72, 73, 74}, where 73 = 71 + 72 = \{e\ + 62 + 63 + u) 
and 74 = 271 + 72 = el + £2- Hence t ~ sp(l, C) x sp(2, C). 

A simple calculation shows that x{&X- ai ) = ^4-i2, thus E is a root vector 
in t + corresponding to 73. Then set X lz = E. Now define (p\ = €3 + ei, 
&l = 63 — ei, (^2 = 64 + 61 and (52 = 64 — ei. Then in view of (fl~0j) we have, 

(14) X 74 = x(^6 2+£l ), X 5 = X (0X e2+ei ), X V1 = X (Xe s +e 1 ), 
and 

(15) X Sl = X (0X e3+ei ), X V2 = X (X e4+ei ), X 52 = x(0X u+ei ). 

It follows from (|12p that X 74 — X5 and X Vi — Xg t are in m + for i = 1,2. 

Normalize X_ 74 , X_$, X- Vi andX_^. so that (X 1A , X_ 74 ) = (Xg, X_g) = 
(X Vi , X-. Vi ) = (Xfa X-Si) = 1) f° r i = 1,2. Then it follows that, 

(16) (X 14 - X 5 , X-~ ti + X_ 5 ) = (X Vi - Xg., X_ Vi + X_$.) = 0. 

Hence, X_ 74 +X_$ and X_ ipi + X_g. {i = 1, 2) are in (m" 1 ")- 1 , the orthogonal 
complement of m + in t with respect to the Killing form of t. 

To simplify the notation set, X±i = X± lx , X± 2 = X± 12 , X±% = X±~ f3 , 
and X±4 = X± 1A . Let H\ € [^ 7l ,^_ 7l ] be such that 7i(i?i) = 2, and 
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normalize X\ and X_i so that {Hi,Xi,X—±} is an s-triple. Next normalize 
X2 and X4 (and accordingly X$) so that 

[Xi ,X 2 }= E and [X x , £] = X 4 . 

From this, and the fact that 72(^1) = —2, it follows that 

[X_i, E] = 2X 2 and [X_i, X 4 ] = IE. 

Now choose H2 G [J 72 ,t_ 72 ] such that 72(^2) = 2 and normalize X_2 so 
that {H2,X2, X-.2} is an s-triple. Since [t 72 ,E_ 72 ] C t and 71(^2) = — 1, if 
we define 

(17) H = \H 2 , 

we obtain a vector H G t such that H(E) = ^E. This vector i? is the one 
used in ©. Also, since 5{H2) = 0, we have [X$, H] = 0. 

As in the previous sections set Z = Z ai , Y = Y ai and Y = Y + H. 
From Lemma 13. II it follows that E(Y) = ^E, hence E(Y) = E. Now, since 
(ei + e 2 ){H ai ) = 0, we have (ei + e 2 )(l") = — (ei + ^(Z) = -1 because 
(ei + £2)|o = 2ai| a and ct\(Z) = \ (see Lemma [3TT|) . Then Xg(Y) = Xg, and 
therefore Xg(Y) = Xg. 

5. The M-spherical ^-modules 

In this section we describe the main properties of the if -modules in the 
classes T and Y± (see dU)). In the following proposition we collect several 
results that will be very useful later on, and in Proposition 15.31 we will prove 
some important properties of the Kostant degree d(u) for u G U(t) that 
make use of these results. 

Proposition 5.1. Let G be locally isomorphic to F4 and let b{ = fjj © t + 

be the Borel subalgebra of t defined before. Then m + C t + and E is a root 

vector in t + . Moreover: 

(i) For any 7 G K let £ 7 denote its highest weight. Then, 7 G Y if and only 

if £ 7 = 2(74 + $) + ^73 with k,£ G N . In this context we write 7 = jk£> 

£7 = £,k,e o,nd Vk/ for the corresponding representation space. Also we shall 

refer to any v G V^i as an M -invariant element of type (k,£). 

(ii) For any 7^ G Y we have d^k.e) = k + 2£. 

(Hi) If 7 G r we have 7 G Yi if and only if £ 7 = £& g with k even. 

(iv) For any 7M G Y we have X^E^V^) = VjJ and X P 5 E q (V^) = {0} if 

and only if p > k orp + q>k + £. 

For a proof of this proposition we refer the reader to [5] . The construction 
of the Borel subalgebra b{ is contained in Section 3 of [5] and the statements 
in (i), (ii) and (iv) follow from Proposition 4.4, Theorem 4.5 and Theorem 
5.3 of [5], respectively. On the other hand (iii) is a well known general fact. 
We point out that some of these results where first established in [7] , others 
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where proved in [2] and they were generalized in [5] to any real rank one 
semisimple Lie group. 

The following proposition is the analogue of part (ii) of Proposition 3.11 
of [3]. We omit its proof since, up to minor changes, is the same as that of 
Proposition 3.11. 

Proposition 5.2. Let G be locally isomorphic to F4. Let 7^ € T and let 
Vk/ be a K -module in the class jk,e- Then if 7^ v € V k H the set 

{X$~ j E e+j {v) : 0< j <k} 

is a basis of the irreducible {Hi, X\, X_i} -module of dimension fe + 1 gener- 
ated by any non trivial highest weight vector ofVk,e- Moreover, X s ~ 3 E +J \v) 
is a weight vector of weight £k,e — ill a nd the following identities hold, 

(18) X x X k 5 - j E i+j {v) = ^±^-X k 5 - j+l E l ^-\v) 0<j<k, 

(19) X^X k 5 - 3 E^(v) = 2(j ' + 1)(fc ~ j) X k 5 - j ~ l E i+ i+\v) 0<j<k, 



SV ' ' ' " + j + l 



-1 



(20) xUuk,i) = Vj\ {j] r \ J J X*-iE e +i(v) 0<j<k, 
where u^e is the highest weight vector X$E (v). 

In the following proposition we prove some important properties of the 
Kostant degree d(u) for u E U(t) . Even though we give the proof for F4, 
since our argument relies heavily on Proposition 15.11 the same proof hold 
for the other real rank one groups, SO(n,l), SU(n,l) and Sp(n, 1), with the 
appropriate changes. These result will be used in Section [HJ 

Proposition 5.3. Let G be locally isomorphic to F4. If u,v £ U(t) M are 
nonzero vectors, then 

(a) d(u + v) < max{ci(u), d(v)}, 

(b) d(uv) = d(u) + d(v), 

(c) d(u) = if and only if u G U(i) K . 

Proof. The assertions (a) and (c) follow directly from the definition of 
the Kostant degree. We start the proof of (b) by showing that d(uv) < 
d{u) + d(v) for any 0/u,d € U(t) . Let us begin by considering u € 
V T>a C U(t) M and v € V r i yS > C U{t) M where V r ^ s and V r i >s i are, respectively, 
irreducible finite dimensional K- modules in the classes 7 rjS and "f r \ s ' of Ti. 
Then u <S> v G (V r>s <8> V r > iS ') and we decompose it as follows, 

(21) u<S>v = y^Wjj, 

where Wjj 7^ is the 7i :J -isotypic component of u <S> v. We recall that if 
7y € T then its highest weight is &j = | (74 + 5) + j 73 and dfaj) = i + 2j, 
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see Proposition 15.11 We will show that d(wij) < d(u) + d(v) for any Wjj 
that occurs in (12T1). 



In view of Q a simple system of roots in A + (t, f)j) is given by, 

(22) n(£,f)t) = {e 4 H-?i, ? 3 -? 4 , e 4 -?i, 7i = |(?i + e 2 -? 3 -St)}- 
Then it follows that 

74 + ^ = (e 4 + ?i) + 2(? 3 - ?4) + 3(? 4 - ?i) + 4 7 i 
and 

73 = (ei + ?i) + (? 3 - e 4 ) + (? 4 - ?i) + 7i. 

If Vij C t/(6) M occurs in the decomposition of V r>s © V r i g> it is known (see 
[6]) that its highest weight £y = | (74 + 5) + j 73 is given by, 

(23) iij = Cr+r',s+s' ~ [Cl(?4 + ?l) + C 2 (? 3 - ? 4 ) + C 3 (? 4 - ?i) + C 4 71] , 

where q G N for 1 < i < 4. Hence comparing the coefficients of the simple 
root ?4 + ?i in the left hand side and the right hand side of (|2"3"j) it follows 
that 

i r + r' , 

Then, since ci > 0, we have 

rf(wi,j) = r + r' + 2(s + s') - 2c\ = d(u) + d(v) - 1c\ < d(u) + d(v). 

Therefore, using the definition (|5j) and ([21]) it follows that, 

d(u ®v) = max{d(wjj)} < d(«) + d(v). 

Now, using that the map u ® v G C/(!) M (8) ?7(t) A/ -> ud £ £/(t) M is a 
if-homomorphism it follows that d(uv) < d(u) + d(v). 

Now let u G V r>a © ■ ■ ■ © K- iS (to summands) and v G V^y © • • • © V r ' >s ' 
(n summands), where V rs and V r > s < are irreducible finite dimensional K- 
submodules of U(£) M as above. Write u = u\ + ■ ■ ■ + u m with u^ G V r>s 
(1 < k < m) and t> = v\ + • • • + v n with v^ G V r ' jS i (1 < £ < n). Then using 
above calculation we obtain, 

d(uv) = d(\ UkvA < max{d(nfe^) : 1 < k < m, 1 < £ < n} 

(24) V M 

< max{d(ttfe) + d(ve)) : 1 < k < m, 1 < £ < n} = d{u) + d(v). 

Consider now u, v G U(£) M such that d(u) = p and d(i>) = q. It follows 
from ([3]) that, 

(25) u = \, u 7 an d w = VJ v T , 
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where u 7 and v r denote, respectively, the -ff-isotypic componets of u and v 
corresponding to the classes 7 and r of Ti. Then using (J24|) we obtain, 

d(uv) = d( 2, u 7 v t ) < max{d(u 7 v r ) : u 7 7^ 0, v r 7^ 0} 

7,r 

< max{<i(u 7 ) + d{y T ) : u 7 7^ 0, v T 7^ 0} 
= max{(i(7) + d(r) : u 7 7^ 0, v T 7^ 0} 

< p + q = d(u) + d(v). 

Our next goal is to show that d(uv) = d(u) + d(v) for any u, v € U(t) M . 
Assume that d(u) = p and d(v) = q. Then, using (l25j) and the fact that 
d(uv) < d(u) + d(v) for any u,v G U{t) M it follows that, 

uu = 2, u 7 v T + u>, 

d(-y)=p, d(r)=q 

where w G U{t) is such that ci(u;) < p + q. Then, in view of ([3]) we may 
assume that 

(26) U = y. u i,j an d V = 2_, w r,si 

i+2j=p r+2s=q 

where u^j and v riS denote, respectively, the K-isotypic components of u and 
v corresponding to the classes 7y and 7^ of Ti. Let k = max{i € N : 
Ujj- 7^ for some j} and £ = max{r € N : v r . jS 7^ for some s}. Then using 
(|26p . Leibnitz rule and part (iv) of Proposition 15.11 it follows that, 

(27) = ( fc ;')(^)^^^ 

We point out that the right hand side of (|27p is different from zero because, 
in view of (iv) of Proposition 15. 1( it is a product of two dominant vectors. 
Also using Leibnitz rule, Proposition 15.11 (iv) and (|27l) it follows that, 

(28) X^(uv) = ^|^X|(u fe£ -,)X|(v^)^0, 

and 

(29) X k s +t+l {uv) = 0. 

To finish the proof write 

uv = y^bjj, 

where bjj denote the iC-isotypic components of uv corresponding, respec- 
tively, to the classes 7^ € Ti. Then from ([27|) . (f28|) and (f29j) we obtain, 



^m=e^ + >w) 
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and 

3 

Therefore, from Proposition 15.11 (iv) it follows that there exists h k +i j ^ 
such that (p + q-k- t)/2 + k + l<k + £ + j. Thus 

d(uv) < d(u) + d(v) =p + q<k + £ + 2j = d(b k+tij ) < d(uv). 

This completes the proof of the proposition. □ 

6. Transversality results 

In this section we prove several results that will allow us to deal with 
the congruence modulo U(V)m + that occur in the equations that define the 
algebra B (see ([!])). In particular, we reduce the congruence modulo U(t)m + 
to a congruence modulo U(t)q, where t) C m + is the abelian subalgebra 
defined as follows 

(3°) 9 = ({X e ~ +e ~,X e ~ +e ~,X e ~ +(E ~}). 

Before stating the main results we introduce the following notation, 

(31) S 23 = X e ~ +e ~, S 24 = X e ~ +e ~, and T tj = X r ._ e ~ (2 < i ^ j < 4). 

Let q + be the linear span of {X a : a G A + (£, fjt) and a ^ 71}. Since 71 
is a simple root in A + (£, fyj) (see (|22j) ) it follows that q + is a subalgebra of 
t + . We are interested in considering weight vectors u € [7(£)m + of weight 
A = 0(74 + 5) + 673 (a, b € Z), and such that X(u) = mod (t/(!)t)) for 
every X £ q + . 

Consider the subalgebra qCf defined as follows 

(32) q = q + ffif) t ®q", 
where 

(33) bt = ker( 74 + S) n ker( 73 ) = ({H e ~_ e ~ , tf e ~_ el }) 
and 

(34) q- = ({X_ (£l _ a) }). 
Then a simple calculation shows that, 

[q,t)] CI). 

Moreover, q = r © u where t = (fj r U {^(e'j-ei)}) — 0^(2, C), rj r is a Cartan 
subalgebra of r and u is the following nilpotent subalgebra, 

u = ({*S±65 = 3 < j < 4} U {X e ~ ±€ ~ : 2 < i < 4} U {X 72 , X 73 , X^ , X^ }) , 

where 

(35) ^ = |(-ei +e^ -ejj + ei), V>2 = §(-ei + £2 + £3 - el)- 

The proof of the next two lemmas follow from a direct application of 
Poincare-Birkhoff-Witt theorem. Let q be an arbitrary finite dimensional 
complex Lie algebra and let [ be a subalgebra of g. If {X\, . . . ,X P } is an 
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ordered basis of [ complete it to an ordered basis {Yi, . . . ,Y q ,X\, . . . , X p } of 
g. Now, if I = (ii, . . . ,i q ) G No and J = (ji, . . . ,j p ) G No define as usual 
Y'X J = Y* 1 • • • Y^Xf • • • X J P P in U(q). Then we have, 

Lemma 6.1. Any u G ^(g)l can be written in a unique way as u = a\X\ + 
• • • + a p X p where 

ak = J2ai,h,.,hY I X?---Xi h for k = l,...,p, 

and the coefficients o,j j x j h are complex numbers. 

Lemma 6.2. Let g and I be as above. Let u G U(q) and X G g — [ be 
such that X(l) C I. If ' uX n = mod (U(q)I) for some n G N, then u = 
mod (U(q)I). 

Let t) be the orthogonal complement of n in t with respect to the Killing 
form of t. For any Z G (m + ) consider the linear map Tz '■ q X (m + ) — > t) 
given by 

(36) T Z {X, Y) = [X,Z] + Y, X G q and Y G (m+) ± . 

Since [q, t)]ct) and (m+)- L C t) 1 - it follows that lm(T z ) C t)- 1 , where Lm(T^) 
denotes the image of the map Tz- The following proposition will be used in 
Theorem 16.41 to prove one of the main results of this section. 

Proposition 6.3. There exists Z G (nr 1- )- 1 such that Im(Tz ) = rj -1 . 

Proof. Using (fT3j) and the notation introduced in (fT4"l) . (fT5j) and (J3TJ) it is 
easy to check that, 

(37) tj- 1 - = (m+) ± © ({X_ 5 , X- 8l , X_ S2 , T 32 , T 42 , T 43 }}. 

It is clear, from the definition of Tz, that (m + ) C Im(T^) for every 
Z G (m + ) _L . Now consider the vector, 

(38) Z = X_ 74 + X_g + X_^ 2 + X_s 2 + ^-73 + ^el-e"3; 

where H^ 4 _^ G f)t is such that (q — ^(H^^) = 2. Using (fT3|) and (fT6j) 
it follows that Z G (m + )- L . In view of (j3"7j) . to prove that Im(T^ ) = t}- 1 
we need to show that ({X_£, X-$ 1 , X-$ 2 , T32, T42, T 43 }} is contained in 
Im(Tx ). In fact, using that X V1 , X V2 , X^ x , X^ 2 , Hg-^^ and T 43 are in q 
(see (fT4"l) . (TT5J) . (j3Tj) and (l35j) for the notation) a simple calculation shows 
that, 

Tz {x V2 , 0) = a T 42 , T Zo (X Vl , 0) = c 2 T 32 , 

2z„ (^v>2 ' °) — c 3 -^-<5 2 > Tz (X^ , 0) = c 4 X_ (5l , 

T Zo {He A -£i, 0) = c 5 X_ 5 , T Zo (T 43 , 0) = c 6 T 43 , 

where, in all cases, the congruence is module the subspace (m + ) _L and q 7^ 
for 1 < i < 6. This completes the proof of the proposition. □ 
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Theorem 6.4. Let u G f/(£)m + be a vector of weight A = 0(74 + 5) + 673, 
wii/i a, 6 G Z, and suc/i i/iai -X"(u) = mod (£/(t)rj) for every X G q + . 
Thenu = mod (U (t)t)) . 

Proof. Let £/({) = [L >0 ?7j (t) be the canonical ascending filtration of U(t). 
If u G C/(£) and v / define, 

(39) deg(u) = min{j : v G LX,-(C) and w ^ Uj-i(t)}, 

where it is understood that U-x(t) = {0}. Let S be the set of all v G [7(£)m + 
of weight A = 0(74 + 5) + 673 (a, 6 G Z), so that X(v) G U(t)t) for every 
X G q + and v £ U(t)t). The theorem will be proved if we show that 5 = 0. 
Assume on the contrary that 5^0 and choose u G S such that deg(n) = 
min{deg(t;) : v G S}. Set r = deg(u) and let p r : U r (t) ->■ U r (i) /Ur-^l) 
denote the quotient map. The map p r intertwines the representations of K 
on U r (t) and on U r (t)/U r —i(t), and since u £ U r -i(t) we have p r (u) 7^ 0. 

Let S(t) be the symmetric algebra of t and let S(t*) denote the algebra 
of polynomial functions on t. Let S r (t) and S r (t*) denote the corresponding 
homogeneous subspaces of S(t) and S(t*) of degree r. There is an algebra 
isomorphism between S(t) and S(t*) defined by the Killing form of t, this 
isomorphism maps S r ($) onto S r (t*) and intertwines the canonical repre- 
sentations of K on S r (i) and on S r (t*). Composing this isomorphism with 
the natural K-isomorphism between U r (l)/U r —i(t) and S r (t) we obtain a 
X-isomor phism , 

(40) U r (l)/U r -i(l) * S r (F). 

Hence we can think of p r (u) as a homogeneous polynomial function on t of 
degree r, and regard p r as a i^-homomorphism from U r {£) to S r (t*). 

Let (m" 1 ") -1 " be the orthogonal complement of m + in t with respect to the 
Killing form of t. Since u G U(t)m + and the isomorphism given in ()40p is 
defined by the Killing form of £ it follows that, 

(41) Pr(u)(Y) = for every Y G (m + ) ± . 

Now let X G q+. Since [q+,tj] C t) we have X k (U(l)tji) C U(t)t) for 
every k G N. Then, since by hypothesis AT(u) G f/(fi)tj, it follows that 
X k {u) G ?7(t)t) for any k G N. Therefore, using that (m" 1 ")- 1 C t) -1 and that 
p r is a i^-homomorphism it follows by induction on k that 

(42) X k ( Pr {u))(Y) = p r (X k (u))(Y) = for Y G (m+) ± and X G q + , 

where X(p r (u)) denotes the action of X on the polynomial function p r (u). 
Since u is a vector of weight A = 0(74 + 5) + 673, it follows from the 
definition of f) r that H(u) = for every H G rj r . Then, 

(43) H k {p r (u)){Y) = for Y G t, if G fj r and fc G N. 

Let 7^ u G f7(fi) /U(t)t) be the image of u under the quotient map. 
Normalize X^ 3 _^ 4 and X_( e ~_ e ~) so that {X^- 3 _^ 4 , H^ 3 _^- 4 , X_^ s _^} is an 
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s-triple. Since X^_^ 4 E q + and H^_^ E f) r , and by hypothesis u is a 
dominant vector of weight zero with respect to above s-triple, we obtain 
that X_( e ~_ e ~)(u) = 0. Hence, from (J34l) we obtain that X{u) E U(t)t) for 
X E q~. Then, since [q~,tj] C t), it follows that 

(44) X k ( Pr (u))(Y) = for Y E (m + ) ± , lef and A; € N. 

Now recall that for k E K and / E S r (t*) the action of k on / is given by 
(fc/)(Y) = /(Adik-^Y) for every yet. Then, from gH), flM}, (g3D and 
it follows that 



(45) p r (u)(Ad(exp X)Y) = for XGq + Ut) t Uq" and Y E (m + ) ± . 

Let Q be the connected Lie subgroup of K with Lie algebra q (see ([32]) ). 
Since the set exp q + . exp f) r . exp q~ generates Q we obtain that, 

(46) p r (u)(Ad{g)Y) = for #eQ and Y G (m+) ± . 

Now consider the map $ :Qx (m + )- L — > t) 1 - defined by <&(<?, Y) = Ad(g)Y . 
The fact that the image of <£ is contained in t) 1 - follows from a simple cal- 
culation using that [q,t}] C rj and that t) C m + . Let e € Q be the identity 
element and Z € (m + )- L , then (d$)( e: z) is the map Tz : q x (m + ) ± —> t) 1 
defined in ([36]) . It follows from Proposition 16,31 that (d$)r ej z ) is surjective. 
This implies that the image of $ contains an open set of t) , then in view 
of (|46p we obtain that, 

(47) Pr (u)(Y) = for every Fet) 1 . 

Recall that rj = {{X2, S23, S24}} (see ([50]) ). Extend the basis of rj to a basis 
Z3 = {Z\, • • • , Z g ,X2,523,S l 24} oft, where q = dim£ — 3. If I = («i, . . . ,i q ) E 

N q and J = (ji,j 2 ,h) G N„, set |I| = ii H h i g , | J| = ji + J2 + J3 and 

Z 1 = Zl 1 . . . Zq in S(i). If we regard p r (u) as an element in S r (t) we can 
write 

p r (u)=Y,bl,jZ I X?S 2 %SH, 

where bj^j E C and the sum extends over all I and J such that \I\ + | J\ = r. 
Now, identifying t* with J via the Killing form of t and considering a basis 
,6 of t dual to £> it follows from (|47|) that 6^0 = 0, for all I such that |/| = r. 
Therefore 

(48) Vr {u)= J^b^&XfSilSil, 

|J|>0 

where the sum extends over all I and J such that |/| + \J\ = r. On the 
other hand, since p r is a i^-homomorphism from U r (£) to SV(t) it follows 
that p r (u) has weight A = (2(74 + 5) + ^73 with respect to fa. Then, (j48j) 
implies that 

(49) u = Y, h hJ ^X^S^Sil + u', 

|J|>0 
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where the monomials Z X^ 1 S^S^ are in U(t), the sum extends over all 
/ and J such that |/| + \J\ = r and v! is a vector of weight A in U r -\(t). 
Moreover, since the sum in the first term of (|49p is a vector in U(t)t) and 
X(U(t)t)) C U(t)t) for X G q+, it follows by hypothesis that X{v!) G U(£)t) 
for every X G q + . Also, since u G U($.)m + and u ^ U(t)\) the same facts 
hold for v! , therefore «' G 5. This is a contradiction since deg(-u') < deg(u). 
Then 5 = and the proof of the theorem is completed. □ 

Corollary 6.5. Let u G U(t)m + be a q + -dominant vector of weight A = 
a(74 + S) + 673 wi£/i a, 6 G Z. T/ien -u G t/(£)t). 

Next theorem will be used in an important way in Section [8l Its proof is 
similar to that of Theorem 16.41 Consider the following subalgebra of t, 

(50) q = {X G t : X(V* + ) = for every 7 G I?i}. 
It is easy to see that, 

q = i + e fit e ({x_ 6 ~ +r4 ,x_ 6l+ri ,x_ 6l+ri }}, 

where (j r is as in (j33l) . Let Q denote the connected Lie subgroup of iC with 
Lie algebra q. 

If Z G (Tn + )" L consider the linear map T^:qx (ni + )" L — > £ given by 

(51) T Z (X,Y) = [X,Z] + Y, X G q and F G (m+) ± . 

Next proposition is the analogue of Proposition 16.31 and will be used in the 
proof of Theorem 16.71 



Proposition 6.6. If Z G (m + ) ± is as in ([38]) it follows that Im(T Zo ) = i. 
Proof. Using the definition of t) (see ([30]) ) it is easy to see that, 

(52) i = t) ± (B ({X_ 6 ~ 2 -e~ 3 , X_ 6 ~_ t ~, X_ t ~_ e ~J). 
Now, since q C q it follows from Proposition 16.31 that. 

f Zo (qx(m + ) ± )=T Zo (qx(m + ) ± )=t ) ± . 
Hence, it follows from ()52[) that to complete the proof we need to show that 
X_ e ~_ c ~, X_ e ~_ e ~, and X_ e ~_ e ~ are in the image of Tz - In fact, a simple 
calculation shows that, 

(53) f Zo {X- c r i+ri , 0) = «i X_ e -5_ 5 , f Zo (X 71 , 0) = a 2 X_ e ~ _ e ~ , 
and 

(54) T Zo (X_ e -5 +ri ,0) = a 3 X_ s _ 6l + a 4 X_ e -5_ e -j , 

where, in all cases, the congruence is module the subspace rj -1 and the con- 
stants Oj are nonzero for 1 < i < 4. This completes the proof. □ 

Theorem 6.7. Let u G U(t)m + be a £ + -dominant vector of weight A = 
0(74 + 6) + 673 u>i£/i a, 6 G N D . T/ien u = 0. 
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Proof. Let U(t) = \Jj >0 Uj(£) and let u G U(i)m + be a t + -dominant vector 
of weight A = 0(74 + 6) + 673 with a, b G N . Assume that a/0 and set r = 
deg(u) (see ([39]) ). Let p r : f/ r (t) — > <Sy(t*) be the K-homomorphism defined 
in the proof of Theorem 16.41 Observe that p r (u) 7^ because u £ U r -i(t). 

Since u G U(£)m + , and the if-homomorphism p r : U r (t) — > SV(t*) is 
defined via the Killing form of t, it follows that 

(55) p r (u)(Y)=0 for every Y G (m + )" L . 

Also, since u is a t + -dominant vector of weight A = 0(74 + 5) + 673, it 
follows from Proposition 15.11 that «£Kj for 7 G Ti with highest weight A. 

Hence X(u) = for every X G q. Then since p r is a ET-homomorphism we 
have 

(56) X k {p r (u))(Y) = p r (X k (u))(Y) =0 for X G q, Y G C and ft; G N. 
Now, since {expA" : X G q} generates Q, it follows from ([55]) and ([56]) that 

p r (u)(Ad(g)Y) = for 5 gQ and F G (m+) ± . 

That is, p r (u) vanishes on the image of the map $:Qx (m + ) — > t defined 
by $(#, Y) = Ad(g)Y. Now, if e G Q is the identity element and Z G (m + ) ± , 
then (d&)( e z) = Tz ■ q X (m + ) _L — > t. Then it follows from Proposition 16.61 
that (d$)f e> z ) is surjective. This implies that the image of <& contains an 
open set of t, hence p r (u) = as a polynomial function on I, which is a 
contradiction. Therefore u = as we wanted to prove. □ 

Before stating the next results we define the following subalgebra of t, 

(57) s = r e ^ e ({x 6 ~ 3+el , x e ~ +e ~ ,t u ,x 1 }}. 

The following result is the analogue of Proposition 4.9 of [3]. Although 
its proof uses the same idea as that of Proposition 4.9 we include it here 
because of some technical differences. 

Proposition 6.8. Let uq,u\ G U{t) be such that X\{uq) = X\{u\) = 0. If 
u + U\E = mod (U(l)tj) then u Q = m = mod (U(t)t)). 

Proof. Let s be the subalgebra of t defined in ([57]) . If {Si, . . . , S t } is an 
ordered basis of 5, the following is an ordered basis for t 

(58) {Si, . . . ,St,T23,T24, Xg, X^, 2 , Xg 1 , X^, Xg 2 , X4, X3, X2, S23, S24}, 
we refer the reader to ([i~4"]) . ([15]) . ([3T]) and ([35]) for the notation. 

Let lAi (respectively U2) be the subspace of U(t) spanned by those mono- 
mials that, when written in the Poincare-Birkhoff-Witt bases of U(t) associ- 
ated to ([58]) . end with powers of X2 (respectively S23) or before. Using that 
Xi(s) C s and taking a close look at the action of Xi on the other elements 
of the basis (PJ it follows that Xi(Ui) C U\ and Xi(U 2 ) C U 2 . 

Since uq + uiE G U(t)t) in view of Lemma 16. II we can write 

(59) u + uiE = aX 2 + 6S23 + cS 2 a, 
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with a Etti, b E U 2 and c G U{t). Then applying X\ we obtain that, 

(60) Ul Xi = X 1 (a)X 2 + aE + X 1 (b)S 23 + Xi(c)S 24 , 
and for every k > 2 we get, 

(61) = Xl{a)X 2 + kX*~\a)E + (*) X*" 2 (a)X 4 + Xf (6)5 23 + X*(c)S M . 

Now set t) = ({5*23, 5"24}). If n is sufficiently large so that Xf(a) = 0, 
using equation (f6Tj) and decreasing induction on j it follows that X^ (a) = 
for every < j < n. In particular, a = 0. Hence, from (|59p and (|60|) 
we obtain that W1X4 € U(t)\j and ito + wi-E" € C7"(C)Q. Now, using Lemma 
[Oand the fact that E{\)) = it follows that uq = u\ = mod ([/(t)fj), 
therefore no = U\ = mod (J7(t)tj) as we wanted to prove. □ 

Next proposition will be used in Theorem 18,61 of Section [HI 

Proposition 6.9. Let {r/j : j € No} be a sequence in U(t) such that rjj 7^ 
for a finite number of j' s, X\{r}j) = for every j E No and YljX) 1 !]^ = 
mod (U(l)tj). Then 

Y,V2iE 2i = and £i>o V2i+iE 2i+1 = 0, 

where the congruence is mod (U(t)t)). 

Proof. Let A = 2X4X2 — E 2 . Since X2 , X4 and E commute with each other 
it follows that (— l^A^ = E 2 i mod([/(£)rj) for every j <G No- Also observe 
that Xi(A) = 0. From now on the proof follows in the same way as that of 
Proposition 4.11 of |3j, simply changing the congruence mod(U(t)X 2 ) for a 
congruence mod(U (t)t)) . □ 

7. An estimate on the Kostant degree 

In this section we introduce the degree property and show that every 
b € P(U(g) K ) has the degree property. This result is used in Proposition 
17.111 bellow. We also show that to prove Theorem 12.41 and therefore our 
main result Theorem ll.il it is enough to prove Theorem 17. 121 bellow. 

Definition 7.1. Let b = b m ®Z m + - ■ - + b G U(t) M ®U{a) with b m / 0. We 
say that b has the degree property if d(b m -j) < m + 2j for every < j < m. 

We begin by recalling a few facts about s-triples in q. Recall that an 
s-triple is a set of three linearly independent elements {x, e, /} in q such 
that [x,e] = 2e, [x,f] = —2f and [e, /] = x. The s-triple {x, e, /} is called 
normal if e, / G p and x E t. A normal s-triple {x, e, /} is called principal if 
e (and hence /) is a regular element in p. Theorem 3 of [8j guarantee that 
principal normal s-triples exist, and in Theorem 6 of the same paper it is 
proved that any two principal normal s-triples are Xg-conjugate, where K$ 
is the subgroup of all elements in G that commute with 9. 
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Fix a principal normal s-triple {x, e, /} in g and set z = x/2. In Proposi- 
tion 1 of [TT] it is proved that the map ad{z) : p — > p is diagonalizable with 
eigenvalues 1,-1 and possibly 0. Since in our case g ~ f 4 , the eigenvalues 
of ad(z) in g are —2, — 1, 0, 1 and 2 (see the proof of Proposition 1 of [TTj). 
then the next result follows. 

Lemma 7.2. The map ad(z) : t —■ t is diagonalizable and its highest eigen- 
value is 2. 

In Corollary 9 of [11] it is shown that if g is a semisimple Lie algebra 
over R, different from s[(2,R), and V^ is an irreducible -ff-module of type 
7 € r then ^(7) is the highest eigenvalue of z in V™. From this result the 
following lemma follows. 

Lemma 7.3. Let V be a finite dimensional K-module and let n be the 
highest eigenvalue of z in V . If u £ V and h/0, then d(u) < n. 

As an application of Lemma 17.21 and Lemma 17.31 we obtain the following 
result that will be useful in what follows. 

Lemma 7.4. If u G U m (t) M and u/0, then d(u) < 2m. 

Recall that P : U{g) — > U(t) <8> U(a) is the projection on the first sum- 
mand of the direct sum U(g) = (U(t) <8> U(a)) ® U(g)n, associated to an 
Iwasawa decomposition g = t © a © n adapted to t. The proof of the follow- 
ing result follows easily by choosing an appropriate Poincare-Birkhoff-Witt 
bases of U(g). 

Lemma 7.5. P(U m (Q)) = ^ U m ^e(t) © Z e for every m > 0. 

0<£<m 

Let a : S(g) — > U(g) be the symmetrization mapping. It is known that 
a is a /C-linear isomorphism. Let ip : U(t) © S(p) — > U(g) be the iT-linear 
isomorphism defined by ip(u ©p) = ua(p). Then we have, 



U(g) K = Y,(m°(Sm(p))) K . 



Theorem 7.6. Let u € (U(£)a(S m (p)) ) where m is the smallest possible. 
Then P{u) = b m © Z m + ■ ■ ■ + b G U{t) M © U(a), b m / and d(b m -j) < 
m + 2j for < j < m. 

Proof. Let u G (U(t) © S m (p)) be such that ip(u) = u. Write S m (p) = 
Y^ W T where the sum runs over a finite set JcT. Then by Schur's Lemma 
we have, 

(62) (U(t) © S m (p)) K = J2 (U(l)r* © W r ) K , 

T&J 

where r* is the contragredient representation of r, and U(t) T * denotes the 
r*-isotypic component of U(t). 
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Let q be a subspace of p such that p = a © q and let {X±, . . . , X r } be an 
ordered bases of q . If a = (01, . . . , a r ) with <n G No, and X a = Xf 1 ■ ■ ■ X^. r 
in S(p), it follows that {Z e X a : < £ + \a\ < m} is a bases of S m (p), where 
\a\ = a\ H + a r . Then, in view of (|62p . we can write 



u= Y u e,a ® Z e X a , 

0<e+\a\<m 

where u^ a belongs to the K- module V = ^2 T& j U ($)]}£ for every pair (£, a). 
Then, 

(63) P(u)= Y, P{ut, a cr(Z e X a )) = Y u t , a P{o-(Z l X a )). 

0<£+\a\<m 0<e+\a\<rn 

Now, since a(Z i X a ) G £^+| a |(fl), it follows from Lemma 1731 that 

P(a(Z i X a )) = Y, v £,aJ® ZJ i 
o<?'<M-|a| 

with V£ ta j G Ug + \ a ij(t). Hence from ([63]) we have, 

p ( u ) = Y ( 5Z u £,aVt,a,j) ®Z 3 . 
0<j<m j<£+\a\<m 

Then from the uniqueness of the coefficients bj it follows that, 

(64) bj = Y u ^ v tM for < j < m, 

j<i+\a\<m 

where v^ a ,j G Ut + \ a \_j(l) C U m -j(t) for every pair (£, a). Hence from (fM|) 
we obtain that, 

(65) bj G (F-J7 m _ j (e)) M C (7(t) M for < j < m. 

Recall that (S) denotes the linear space spanned by the set S. Observe that 
in this case (V • U m -j(t)) is a if-module. 

Now, since the highest eigenvalue of z in p is 1, it follows that the highest 
eigenvalue of z in S m (p) is m. Then d{r) < m for every r G J, and therefore 
d{j*) < m for every t G J. This implies that the highest eigenvalue of z 
in V is less or equal to m. On the other hand, we know that the highest 
eigenvalue of z in U m -j{t) is less or equal to 2(m — j), hence the highest 
eigenvalue of z in (V • U m -j (£)) is less or equal tom+ 2(m — j). Then, from 
Lemma 17, 31 and (I65p it follows that d(bj) < m + 2(m — j) for < j < m, 
and therefore d{b m _j) <m + 2j for < j < m, as we wanted to prove. D 

Theorem 7.7. Let b G P(U(g) K ) be such that b = b m ®Z m -\ h b with 

b m 7^ 0, then d(b m -j) < m + 2j for every < j < m. 

Proof. Let u G U(g) K be such that P(u) = b. Since b m ^ 0, it follows 
from Corollary 7.3 of [9] that u G (U(t)a (S m (p)) ) and m is the smallest 
possible. Hence the result follows from Theorem 17.61 □ 
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Our next goal is to show that Theorem 12.41 follows from Theorem 17.121 
bellow. In the next lemma we single out a particular element uj G B. This 
element is a scalar multiple of P(Jl), where £1 is the Casimir of g. 

Lemma 7.8. There exist uj = uj 2 ® Z 2 + uj\ <g) Z + w G P(U(g) K ) C B such 
that 0J2 = 1, u)\ is a nonzero scalar, ujq is a scalar multiple of the Casimir 
element of m and d(ujo) < 4. 

Proposition 7.9. For any b G U(t) ® ?7(a) i/iere exist n G No suc/j £/ia£ 
6w n has the degree property. 

Proof. Let b = b m ® Z m + • • • + b G £/(£) M O 17(c). Fix n G N sufficiently 
large so that d(b m -j) < m + 2n -\- 2j for every < jf < m. A simple 
calculation shows that 

2n 

(66) u n = Y J U Kn ®Z 2n -\ 

[fe/2] 

where w fcjn = ^ ( fc ™J ( fc T*) uj^~ 2i uj l Q for < A; < 2n, and that 

i=0 

m+2n min-jj, 2n} 

(67) 6a;" = £ ( £ 6 m+fc _, u5 fc , n ) ® Z m + 2 ^' . 

j=0 fc=0 

Then if (boj n )i denotes the coefficient of Z 1 - in boj n , we have 
d((bu n ) m+2n -j) < max{d(6 m+fc _jWjt )n ) : < fc < j} 

= max{d(6 m+fc -i) + d(uj kyn ) : < k < j} 
< max{m + 2n + 2(j - k) +2k : < k < j} 
= m + 2n + 2j, 

for every < j < m + 2n. Hence buj n has the degree property. □ 

It is now convenient to introduce the following notation, for any m G No 
and < r < m define d r as follows, 

\3m-2r + 2 
d r = 

I 2 

In the next lemma we obtain an upper bound on the Kostant degree of the 
coefficients b r of certain b G U{t) M <g) U(a). 

Lemma 7.10. Let b = b m ® Z m + ■ ■ ■ + b G U(t) M <g> 17(a) with b m / 0. If 
buj has the degree property then d(b r ) < 2d r for every < r < m. 



Proof. Let (buj)g denote the coefficient of Z in buj. It follows from ([66 
and (|67p . or directly by computing bu, that 



(69) b m -j — (bio) m+ 2-j — b m -j + i lo\ — b m -j + 2 ojq 
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for < j < m, with the understanding that 6 m +i = 6 m +2 = 0. Then, since 
uj\ is a scalar and d(u;o) < 4, from (169f) we obtain that 

(70) d(b m ^j) < m.ax{d((buj) m+ 2-j),d(b m - j+1 ),d(b m -j + 2) + 4}. 

Hence, using ([TO]) and the fact that buj has the degree property, it follows 
by induction on j that d(6 m _j) < m + 2 + 2j for every < j < m. Now, 
since the Kostant degree of any element of U(t) is even (see (ii) and (hi) 
of Proposition I5.ip . it follows that d(b r ) < 2d r for every < r < m. □ 

Let b = b m <g) Z m H h 6 € 5 be such that d(b r ) < 2d r for < r < m, 

where d r is as in ([68]) . Using Proposition 15.11 and the above bound on d(b r ) 
we can decompose the coefficients b r of b as follows, 

2d r 

(71) h = Y, E 6 2 M -2i f or 0<r<m, 

4=0 max{0,t-d r }<i<[</2] 

where KJj t _ 2i is the component of b r in the isotypic component of U{£) of 
type (2i,t — 2i). Consider now the following linear subspace of B, 

(72) B = {beB : bf^ = if i + j < k and < 2k < deg(fe)}. 

That is, B consists of the elements b G B such that the K- types b 2 ^ , that 
occur in the coefficient b 2 t of b, have Kostant degree greater than 2k for all 
k such that < 2k < deg(fe). 

Proposition 7.11. Letb = b m ®Z m -\ \-b G B, b m / ; and d(b r ) < 2d r 

for < r < m. Then there exist b £ B such that d(b r ) < 2d r for < r < m, 
b m = b m ifm is odd, and d{b m — b m ) < m ifm is even. Moreover b 2i »• = b r 2i j 
tfi + j = d r for every < r < m. 

Proof. Let b = b m ® Z m -\ \- b G B be such that b m / and d(b r ) < 2d r 

for < r < m. Set p = 2[m/2] and using (|7ip dehne, 

v 

C P = 2—/ Zs "2i,t-2i- 

4=0 max{0,i-|}<i<[4/2] 

That is, Cp contains all the i^-types of b p of Kostant degree smaller or 
equal to p. Hence, c p G U(£) M and d(c p ) < p. Since p is even c p <8> Z p G 
(U(l) M ® U(a)) W . Then from Proposition EH it follows that c p <g> ZP is the 
leading term of an element c^ p ' = c p ® Z p + • • • G P(U(g)^). Now define 
ft(p) = b — c' p ) G i?. All the K- types that occur in the p-coefficient of b^ p > 
have Kostant degree greater than p and, since c^ p ' G P(U(g) K ), it follows 

from Theorem 17.71 that d{b r p ) < 2<i r for < r < m. Moreover, the i^-types 

(p) 
of Kostant degree 2d r of br and 6 r are the same for < r < m. 

Considering now the (p — 2)-coefficient of b^ p ' we construct, in a similar 

way, elements c^" 2 ) G P(\J(q) k ) and b^ p ~^ = &W - c^" 2 ) G 5, such that 

the coefficients of b^ p ~ 2 ' corresponding to degrees greater than p — 2 are 
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the same as those of b^ p \ and all the -ff -types that occur in the (p — 2)- 
coefficient of b^ p ~ 2 ' have Kostant degree greater than p — 2. Moreover, since 
c ( P -2) e p(u( )^), Theorem E3 implies that d(bi P ' 2) ) < 2d r for < r < m, 

and that the if -types of Kostant degree 2d r of of and b r are the same 
for every < r < m. 

Continuing in this way we obtain a sequence b^ p \b^ p ~ 2 ', . . . , &(°) of ele- 
ments in B of degree at most m. If we set b = b^ ' it is clear that b G B and 
that b has all the required properties. □ 

Finally, in Proposition 17.141 below, we show that next theorem implies 
Theorem 12.41 (and therefore Theorem I l.ip . The proof of Theorem 17.121 will 
be done in the next section. 

Theorem 7.12. Let b = b m <g> Z m -\ h 6 G B be such that d(b r ) < 2d r 

for every < r < m. Then 6 = 0. 



If we assume that Theorem 17.121 holds we obtain the following corollary. 

Corollary 7.13. Let b = b m ® Z m -\ \- 6 G B be such that b m / and 

boj has the degree property. Then m is even and b has the degree property. 

Proof. Since bu has the degree property, it follows from Lemma 17.101 that 
d(b r ) < 2d r for < r < m. Then Proposition 17. 1 ll implies that there exist 
b G B such that d(b r ) < 2d r for < r < m, b m = b m if m is odd and 
&2j j = b r 2i a if % + j = d r for < r < m. On the other hand, Theorem 17.121 

implies that 6 = 0. Hence, m must be even and b T 2i 7 - = if i + j = d r for 
< r < m, which implies that 6 has the degree property. □ 

Proposition 7.14. Let b = b m ®Z m -\ h6o G B with b m / 0. Then, m is 

even and 6 has the degree property. In particular d(b m ) < m, and therefore 
Theorem \2.J\ holds. 

Proof. Let 6 = b rn ®Z m + ■ ■ ■ +6o G B be as in the statement of the theorem. 
It follows from Proposition 17. 91 that there exist n G No such that buj n has the 

degree property. Now, since boj n ~ l = b m ® z m+2(jl ~ lS} -\ eB and b m / 0, 

it follows from Corollary 17.131 that m + 2(n — 1) is even and boj n ~ 1 has the 
degree property. Hence m is even, and from Corollary 17.131 and induction 
on k it follows that buf 1 has the degree property for every < k < n. In 
particular 6 has the degree property, as we wanted to prove. □ 

8. Proof of Theorem 17.121 

Our goal in this section is to prove Theorem 17.121 To do this, given any 

6 = b m (g> Z m H + 6 G B such that d(b r ) < 2d r for < r < m, we will 

construct a linear system of equations in U(t) where the unknowns are t + - 
dominant vectors associated to certain i^-types of the coefficients of 6 (see 
Theorem 18.6ft . This system will allow us to carry out a decreasing induction 



process that, when applied to 6 G B, will lead to the proof of Theorem 17. 121 
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Let b = b m <S> Z m -\ h b G B be such that d(b r ) < 2d r for < r < m. 

As indicated in (]7ip we can decompose the coefficient b r of b as follows, 



(73) 



2d r 

E E 

4=0 max{0,t-dr}<i<[t/2] 



°2i,t-2i 



for 



< r < m. 



We find it very convenient to keep in mind the following array of the K- types 
that occur in b r . 

(74) 



J 2d r ,0 



+ 



h r 
u 2d r -2,l 


+ 


w 

U 2d r -A,2 


+ 


w 


+ • • 


+ 


h r 

u 2d r -2,0 


+ 


h r 


+ 


h r 

u 2d r -6,2 


+ • • 


+ 




+ 


h r 


+ 


h r 


+ • • 


+ 








+ 


h r 

"2d r -6,0 


+ • • 


+ 



0,dr 
If 

if 

J Q,d r -2 

ur 

J 0,d r -3 



+ b r 0fi . 

Observe that the parameter t used in (|73p may be regarded as a label 
for the skew diagonals of the array (|74p . In fact, for < t < 2d r we shall 
refer to the set \b\ it _ 2i ■ max{0,i — d r } < i < [t/2]} as the skew diagonal 
associated to t. Also observe that the Kostant degree is constant along the 
rows of the array ([74"}) . it takes the values 2d r , 2d r — 2, . . . , from the top to 
the bottom row of the array corresponding to b r . 

Let T G N D denote the label of the skew diagonals in the array corre- 
sponding to &o- We will use T as a parameter for a decreasing induction. 
For m < T < 2do if m is even, and m — 1 < T < 2do if m is odd, consider 
the following propositional function associated to b, 



(75) P(T) : b r 



min{T-r,2d r } 

E 

t=0 max{0,t-d,.}<i<[t/2] 



E 



u 2i,t-2i' 



< r < m. 



Observe that P (T) holds if and only if b r 2i 4 _ 2i = for t > min{T — r, 2d r } 
for every < r < m. Also, in view of (I71D . it follows that P(2do) holds. 
This will be the starting point of our inductive argument. 

Let E, X$, H, Y and Y be as in Section HJ Recall that E(H) = —-^E, 
X$(Y) = X$ and Xs(H) = E(Xs) = 0. In the following lemma we state 
some properties of the derivations E and X$, we refer to Lemma 6.1 of [3] 
for their proof. 



Lemma 8.1. (i) E k (H k ) = k\{-\E) k and E k (Hi) 



(%%) E k MH) = (- 
(Hi) X k ((-Y) k l= 
(iv)X k Vk (a-Y) 



ifk> j. 

\E) k , where tp k is as in ([?]). 
k\(-X 8 ) k and X k ((-Yy) = 0ifk>j. 
= (— Xs) k for any a 6 C. 
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The following proposition is the analogue of Proposition 6.2 of [3J. Its 
proof is the same as that of Proposition 6.2 and it is obtained by applying 
X s ~ n ~ to e(£, n) of Theorem 13.61 an d using Lemma 13.31 and Lemma 18.11 
Also observe that the derivation X$ preserves the ideal U(t)m + . 

Proposition 8.2. Let b = b m <8> Z m -\ \-b £ B be such that d(b r ) < 2d r 

for < r < m, and assume that P(T) holds for m < T < 2d®. Then for 
every (£, n) such that < £, n and £ + n <T we have 



(76) 


(-l) n £i£ n - (-iyZ 2 E e = mod (U(t)m + ), 


where 




(77) 


E 1= J2 A,r(T,n,£)Xj- e ~ l E i+l ~ r (b r )E r - l Xl- n , 
(i,r)eli 

S 2 = J2 ^ r {T,£,n)Xj- n - l E n+l ~ r {b r )E r - l X\-^ 


and 


A i AT,n,£) = (-k) r -\-ir n r\( T TX%i i ), 


h 


= {(i, r) 6 iV : n < i < min{m, T — £}, i < r < min{m, i + £}}, 


h 


= {(i, r) £ N : £ < i < min{m, T — n}, i < r < min{m, i + n}}. 



Next proposition is the analogue of Proposition 6.3 of [3] and its proof is 
the same as that of Proposition 6.3. It is obtained by replacing b r in (|77p 
by its decomposition in K- types given in (I75D . then one uses Proposition 
15.11 (iv) to simplify the sums Si and £2, and finally one multiply both sums 
on the right by Xj and then change in each term a certain number of X^'s 
by the same number of X^s so that Si and X2 become weight vectors with 
respect to f){. Here we use that X$ = X4 mod (U(t)m + ) and that the 
derivation X$ preserves the ideal U(t)m + . 

Proposition 8.3. Letb=b m ® Z m -\ \- b G B be such that d(b r ) < 2d r 

for < r < m, and assume that P(T) holds for m < T < 2d$. Then for 
every (£, n) such that < £, n and £ + n <T we have 

(78) (-l) n £i£ n - (-lYz 2 E e = mod (U(l)m + ), 

where 

Si = Y, Ar(T,n,£)Xj-^^^-(6^ iT _ r _ 2fc ) 

{i,r)<=h 



max{0,T-r-d r }<k<[^Y- 



X tj X s A 4 , 



53 A,r(T, t, n) Xj' n ^E n +^{b^ T _ r _ 2k ) 

(i,r)eh 



ma,x{0,T-r-d r }<k<[^Y 



x E r ~ i Xj- k XJ[ +i - 
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with the understanding that the K -types b 2k T _ r _ 2k that do not occur in b r 
are assumed to be zero. Moreover, in equation |7<§| ) all the terms of the left 
hand side are weight vectors of weight (2T — £ — n)ji + 2^(72 + 5). 

The equations (|78[) may be regarded as a system of linear equations where 
the unknowns, X & ~ ] ~ % & +t ~ T {b 2kT _ r _ 2k ), are derivatives of the if-types 
that occur in the T — r skew diagonal of the coefficient b r of b (see (|74D ). 
Since the unknowns in this system are, in general, not t + -dominant we are 
going to replace the system by an equivalent one where all the unknowns 
become fi + -dominant vectors associated to the i^-types b 2kT _ r2k . 

Let e(£, n) be the left hand side of equation ([T8|h For < n < min{2d m , T} 
and < L < min{2m, T} — n consider the following linear combination, 

L 

(79) £ L (n) = J2(-2) £ { L i ni,n)E L -"xi+ n . 

e=o 

Under the hypothesis of Proposition [8]3] we have ^i(n) = mod (U(t)m + ). 
Also set, 

Sl(n) = J2(-Z) £ GPiE L -txi+" and f»( n ) = Eto^©S 2 X|+". 

1=0 

Then it follows that 

(80) 8 L {n) = {-l) n El{n)E n - £ 2 L (n)E L . 

The following lemma is the analogue of Lemma 6.5 of [3]. For the sym- 
plectic group Sp(n,l) the vectors D k (b2ij) are J + -dominant, however in F4 
this property does not hold. 

Lemma 8.4. Let &2i,j £ U(i) M be an M -invariant element of type (2i,j). 
For < k < 2i define, 

(81) D k {b 2lJ ) = Si (-2) £ © p+y l Xf - l E? +l {bxj) E k - £ Xi 

Then D k (b2ij) is a vector of weight 2(74 + 5) + (j + k)^ with respect to \)i, 
X(D k (b 2 i,j)) = mod (U(t)t)) for every X G q+ and X^D^ij)) = 0. 

Proof. Recall that q + is the linear span of {X a : a G A + (6, fyj) — {71}}. 
Since 71 is a simple root in A + (6, fyj), if a is a positive root it follows that 
a — 71 is either a positive root different from 71 or it is not a root. Hence if 
u G U(t) is a ^-dominant vector we have, 

X ol {X ( _ 1 (u)) = for every a G A+(£, fo) - {71} and £ G N . 

Then, in view of (|20p . it follows that 

(82) ^{Xf-^E^^ij)) = for every X G q + . 

On the other hand, since E(t)) = X^t)) = and [q + , rj] C X) it follows that, 

(83) X(E n )=0 and X(X2)=0 mod(U(t)t)) for every X G q + . 
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Hence from (jST}, ([52]) and ([83]) we obtain that, 

(84) X(D k (b 2i ,j)) = mod (U (t)t)) for every X € q + . 

Now, since X\(E) = X4 and Xl(Xi) = 0, using (fl8j) it follows that 
Xi{Dk{b2ij)) = 0. The details of this calculation can be found in the proof 
of Lemma 6.5 of [3j. Finally, it is easy to check that each term of -Dfc(&2ij) 
is a vector of weight 2(74 + 5) + (j + k)^/s with respect to f){. □ 

As indicated at the beginning of the section we are interested in proving 
that P(T) implies P(T — 1) for m < T < 2d,Q. To do this we need to show 
that the K-types b 2i T _ r _ 2 i that occur in the T — r skew diagonal of b r are 
equal to zero for < r < m. That is, 

b 2i,T-r-2i = if < T - r - 2i < min {T, 2d -T) - r, 

for < r < m. For this purpose we introduce another propositional function 
Q(n) defined for < n < min {T, 2d,Q — T} + 1 as follows, 

(85) Q(n) : V 2iT _ r _ 2i = if 0<T-r-2i<n for < r < m. 

Clearly Q(0) is true. Also, since we have that d{b r ) < 2d r for < r < m, 
we obtain that (I85p holds if T — r — 2i > min \T, 2do — T} — r. 

Next theorem is the analogue of Theorem 6.6 of [3] and its proof is the 
same as that of Theorem 6.6, it consist in rewriting the sum £^(n) in terms 
of the vectors -Dfc(^2ij) defined in Lemma \8A\ and the sum E\ (n) in terms of 
t + -dominant vectors. We refer the reader to Section 6 of [3j for the details. 

Theorem 8.5. Let b = b m (g> Z m -\ \- b G B be such that d(b r ) < 2d r for 

< r < m, let m < T < 2d and < n < min {T, 2d - T) . Then if P{T) 
and Q{n) are true we have, 

/ , B rt k(T,n,L)D L+2 k+r-T(b r 2k,T-r-2k)( x sX4) _ E' n 

(86) T - L ^<T-n 

- E (-^(")( T ;-7>T-r-n,n( X ^) (T+r+n)/2 E L ^0, 

r,£ 

r=T-n 

for all L such that < L < min{2m, T} — n. Here the congruence is module 
the left ideal U(t)m + , u r T __ T __ nn = r\(-l) r Xj- n - r E n (b r T _ n _ rn ) and 

B r , k (T,n,L) = rK-lf2^^( T _l 2k )C- r ^). 



Moreover, the left hand side of equation (|86p is a weight vector of weight 

T(74 + <5) + (n + L) 7 3. 

We are now in a good position to obtain the system of equations that we 
are looking for. Using the notation introduced in (|31|) define, 

(87) U = X$X4 — T23S23 + T24.S24- 
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Then U is a t + -dominant vector of weight 74 + 5 with respect to f)t and 
U = XsX^ mod (U(t)t)). For any T and n such that m < T < 2do and 
< n < min{T, 2do — T} consider the following sets, 

L(T, n) = {L G N : < L < min{2m, T} - n, L =£ n } , 
Rf(T, n) = {r G No : < r < min{m, min{T, 2do — T} — n}, r = T — n} , 

the congruence is mod (2) and the subindex F stands for F4. Let \L(T,n)\ 
and \Rp(T, n)\ denote the cardinality of these sets. The set L(T, n) was also 
considered for the symplectic group Sp(n,l) while _Rf(T, n) is the analogue 
of the set R(T,n) defined in Section 6 of [3]. 

Next theorem gives a system of linear equations where the unknowns, 
UT-r-nm are ^-dominant vectors associated to the TT-types that occur in 
the T — r skew diagonal of the coefficient b r of b for < r < m (see (I74D ). 

Theorem 8.6. Let b = b m ® Z m -\ \- b G B be such that d(b r ) < 2d r for 

< r < m, and let m < T < 2do and < n < min JT, 2do — T\. Then if 
P{T) and Q(n) are true we have, 

( 88 ) E ( E(- 2 )'(') f^rt) U T-r-n,n U^ + n)/2 = ^ 

r&R F (T,n) t 

for every L G L(T,n). Here u r T _ r _ nn = r\{-iyxJ- n - r E n {b r T _ n _ rn ). 

Proof. Let u denote the left hand side of equation (|86p . Then, in view of 
Theorem 18.51 ^ is a vector in U(£)m + of weight A = T(74 + 5) + (n + 7)73 
with respect to t)f. 

On the other hand, using that X(Xg) = mod (U(t)t)) for every X G q + , 
together with (}83|) . (|H3|) and the fact that 7?, X4 and TQ commute with t) and 
that [q + ,t)] C t), it follows that X(u) = mod (£/(£) t)) for every X G q + . 
Then applying Theorem 16.41 we obtain that u = mod (J7(t)tj), that is, 

/ , Br,k(T,n,L)DL+2k+r-T(b2k,T-r-2k)(XsX4) ~ E n 

r,k 
, . T-L<2k+r<T-n 

- e (-2) £ (9r^«5,_ r ^ >B (x^)P'-H4*)/ 2 ^ s o. 

r=T-n 

Since 17 = X 5 X 4 mod (*/(*)*)) (see (|57)> ). we replace X5X4 by 17 in (EHD - 
Also, recall that XipQ) = Xi(Xt) = and Xi(D fc (6 2 tj)) = for 6 2 »j G 
U{t) of type (2i,j) and < A; < 1i (see Lemma l8.4p . Hence, since L ^ n 
mod (2), it follows from Proposition 16.91 and Lemma 16.21 that 

( 90 ) E ( E(- 2 )'0 ( T -^)) -T-r-n,n^ T+r+ ^ 2 - 0, 

reR F (T,n) £ 

module the left ideal U(t)t). Now, since the left hand side of equation (l90j) 
is a t + -dominant vector of weight T(74 + 5) + ^73, applying Theorem 16.71 we 
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can replace the congruence mod(U(t)t)) by an equality. This completes the 
proof of the theorem. □ 

For T and n fixed, Theorem l8.6l gives a system of \L(T, n) | linear equations 
in the \Rp(T, n) | unknowns v,™ „■ This system is the analogue of the one 

given in Theorem 6.7 of [3]. The main advantage of this system is that the 
unknowns are all t + -dominant vectors. Let A(T, n) denote the coefficient 
matrix of this system. In Section 6 of [3] a very thorough study of this 
matrix is carried out (see Subsection 6.2). This is done by considering a 
(k + 1) x (k + 1) matrix A(s) with polynomial entries Aij(s) G C[s] that 
generalizes A(T,n). This matrix is defined as follows, 

^w- e ( - 2 >'G*)G/ + "/- 

0<£<min{L;,2j+<5} v 7 v J 

where < Lq < ■ ■ ■ < L^ is a sequence of integers and 5 G {0, 1}. In 
Theorem 6.15 of [3] it is obtained an explicit formula for det^4(s) as a 
product of polynomials of degree one in s. Hence, we know the exact values 
of s for which A(s) is singular. Moreover, from the proof of Theorem 6.15 it 
follows that whenever A(s) is singular the reason is that it has several pairs 
of equal rows. In this case the strategy consist in replacing one equation in 
each one of these pairs by a new equation obtained from Theorem 18.51 We 
refer the reader to Subsection 6.3 of [3] for the details. 

Since our goal in this section is to prove Theorem 17. 121 we need to restate 
Theorem 18.61 for elements b G B. If b = ^^LqW ® Z r £L B, it follows from 
(|72h that for r even we have b r 2i .- = if d(K>j 7 ) = 2(i + j) < r. Hence, when 
T — n = and r € Rf(T, n) is such that d(b r T _ r _ n n ) = T — r + n < r, we 
have u r T _ T _ n n = in equation (J88j) , Then we may consider a new index set 
defined as follows, 

(91) R F (T,n)J^ , : RF l T ^-- r< ^ ' lT -" S ° 

V ' K ' ; [R F (T,n), ifT-n = l, 

where the congruence is mod (2). For b G B we restate Theorem 18.61 as 
follows. This theorem is the analogue of Theorem 6.19 of [3j and it will be 
our main tool in the proof of Theorem 17.121 

Theorem 8.7. Let b = b m ® Z m -\ h b Q 6 B be such that d(b r ) < 2d r for 

< r < m, and let m < T < 2d$ and < n < min |T, 2dg — T\. Then if 
P(T) and Q(n) are true we have, 



reR F (T,n) £ 

for every L G L(T,n). Here ^_ r _ n , n = r\(-iyxJ- n ~ r E n (V T _ n _ r . tn ). 

Now we recall the definition of the sets R(T,n) and R(T,n) used in the 
case of the group Sp(n,l) (see Section 6 of [3]). Let b = b m ®Z m +- ■ -+6q G B 
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with b m 7^ 0. For positive integers T and n such that m < T < Am and 
< n < min{r, Am — T} consider the following set 

R(T, n) = {r € Nq : < r < min{m, min{T, Am — T} — n}, r = T — n} , 



where the congruence is mod (2). The set R(T,n) is defined as in (|9ip 
replacing RF(T,n) by R(T,n) (see (116) in [3]). Next we will show that 
Theorem 17.121 follows from Proposition 6.21 and Proposition 6.22 of [3J. 

Proof of Theorem [77l2l Let b = b m <g> Z m -\ \- b G B be such that 

d(b r ) < 2d r for < r < m. We need to show that 6 = 0. Assume on the 
contrary that 6^0 and that m = deg(6), that is b m ^ 0. We will obtain a 
contradiction by showing that b m = 0. In view of the definition of B (see 
(|72p ) to do this it is enough to show that P (^p) holds if m is even and that 
P(m — 1) is true if m is odd. Since P(2do) holds (see (fTTj) and ([75]) ) this 
will follow from the fact that P(T) implies P(T — 1) for any m <T < 2do. 

Consider first m > 1. Let m < T < 2do and < n < min |T, 2do — T}, 
and assume that P(T) and Q(n) hold. Since 2do < 4m, it follows that 
min {T, 2c?o — T} < min{T, Am — T} and a simple calculation shows that 

min{m, min{T, 2do — T} — n} < min{m, min{T, Am — T} — n}. 

Hence Rf(T,u) C R(T,n) and therefore Rf(T,u) C R(T,n). 

Now set, vJ T _ r _ nn = if r <E R(T,n) and r g" RpiT^n) and Uy_ r _ nn = 
r!(-l) r Xj~ n - r J B' 1 (^_ n _ r , >n ) if r G R F (T,n). Then from Theorem E3 we 
obtain for every L G L(T,n) that, 

( 92 ) E ( E(- 2 ) £ (') (^-VO) «5--r-»,„ £/^+^ 2 = 0, 

reR(T,n) £ 

Observe that, except for the fact that the vector A5X4 is replaced by U, the 
system of equations given by (|92h is the same as that of Theorem 6.19 of 
[3], in particular, their coefficient matrices are exactly the same. Then that 
P(T) implies P(T — 1) for any m <T < 2do follows from Proposition 6.21 
and Proposition 6.22 of [3j. We point out that the proof of these propositions 
are based on a very thorough study of the coefficient matrix of these system. 
We refer the reader to Theorem 6.15, Corollary 6.16 and Proposition 6.20 
of [3] for the details. 

Consider now m = 0. Assume that b = bo G B, b ^ 0, and that d(b) = 
d{bo) < 2do = 2. From the definition of B (see (|72p ) we have b = bo = 
b% + &o l! therefore 6° / or 6[j 1 ^ 0, in particular d(b) = 2. Consider the 
element b 2 uo = b 2 ® Z 2 + uoib 2 ® Z + b 2 ooo G B, where a; = 1 <g) Z 2 + u\ <8> Z + w 
is the element in P(U(g)) defined in Lemma 17.81 

From Proposition 15.31 we have d(b 2 ) = 4, hence the component of Kostant 
degree four of b 2 is nonzero. Now, as in Proposition 17.111 we can remove 
the components of Kostant degree less or equal to two from b 2 and the com- 
ponents of Kostant degree less or equal to zero from b 2 LOQ. This procedure 



:', i 
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defines an element b = 62 <8> Z 2 + b\ <g> Z + 60 € .B with d(6 r ) < 2d r for 
< r < 2, and such that the component of Kostant degree four of 62 is the 
same as that of b 2 . Then b 7^ 0, which contradicts the first part of the proof. 
Therefore b = 0, as we wanted to prove. □ 
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